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Quantum phase transitions also occur in non-Hermitian systems. In this work we show that density func-
tional theory, for the first time, uncovers universal behaviors for phase transitions in non-Hermitian many-body
systems. To be specific, we first prove that the non-degenerate steady state of a non-Hermitian quantum many-
body system is a universal function of the first derivative of the steady state energy with respect to the control
parameter. This finding has far-reaching consequences for non-Hermitian systems: (i) It bridges the nonana-
lytic behavior in physical observable and nonanalytic behavior of steady state energy, which explains why the
quantum phase transitions in non-Hermitian systems occur for finite systems. (ii) It predicts universal scal-
ing behaviors of any physical observable at non-Hermitian phase transition point with scaling exponent being
(1 − 1/p), 2(1 − 1/p), , · · · , n(1 − 1/p), · · · with p being the number of coalesced states at the exceptional point
and n being a positive integer. (iii). It reveals that quantum entanglement in non-Hermitian phase transition point
presents universal scaling behaviors with critical exponents being (1−1/p), 2(1−1/p), · · · , n(1−1/p), · · · . These
results uncover universal critical behaviors in non-Hermitian phase transitions and provide profound connec-
tions between entanglement and phase transition in non-Hermitian quantum many-body physics and establish
foundations for quantum metrology in non-Hermitian systems.
PACS numbers: 05.30.Rt, 03.65.Yz, 03.67.Mn
Introduction.-Quantum phase transitions occurs when the
ground state of a quantum many-body system experiences
a sudden change as the parameter of the system is tuned
through a critical point [1]. It is one of the most intriguing
phenomena in many-body physics because it indicates emer-
gence of new states of quantum matter and new physics [1, 2].
In the study of quantum phase transitions, it is usually as-
sumed that the Hamiltonian are Hermitian. However the non-
Hermitian Hamiltonian indeed arises due to the spontaneous
decay in current experimental results in cavities [3, 4], waveg-
uides [5, 6], optomechanics [7] and cold atoms [8]. These
experimental progresses provide new opportunity for discov-
ering new classes of phase transitions beyond the Hermitian
paradigm.
Non-Hermitian models draw a great deal of interest since
they present richer behaviors [9–14], such as PT symmetry
[15–17], localization[18], dynamical phase transitions when
the parameter are extended into the complex plane of physi-
cal parameters [19–22]. Recently, It was found that quantum
phase transitions occurs in the steady state of non-Hermitian
systems [23, 24]. However the universal critical behaviors of
quantum phase transitions in the steady state of a general non-
Hermitian systems have been illusive.
In this work we uncover the universal critical behavior of
quantum phase transitions in the steady state of non-Hermitian
many-body systems from density functional theory. We rig-
orously prove that the non-degenerate steady state of a non-
Hermitian quantum man-body system is a universal function
of the first derivative of the steady state energy with respect
to the control parameter. Furthermore, we show that quan-
tum entanglement in the non-degenerate steady state is also
a universal function of first derivative of the steady state en-
ergy with respect to the control parameter. Because the non-
Hermitian phase transition points are the exceptional point
of the Hamiltonian [9–14], the first derivative of the steady
state energy presents universal scaling behavior near the ex-
ceptional point [9, 25]. Due to the universal dependence of
the steady state on the first derivative of the steady state en-
ergy, we deduce the universal critical behaviors of physical
observables and of quantum entanglement at non-Hermitian
phase transitions point of the steady state.
Quantum Phase Transitions in Non-Hermitian Systems.-
Let us consider a general non-Hermitian quantum many-body
system with Hamiltonian,
H(γ) = H0 + iγH1, (1)
where H0 and H1 are Hermitian operators and γ is a real con-
trol parameter. This non-Hermitian Hamiltonian can be real-
ized as an effective Hamiltonian of an atomic systems with-
out decay event [26–30]. Non-Hermitian Hamiltonian has
eigenstates with complex eigenvalues. With time evolution,
the weight in each eigenstate decreases over time because
of the imaginary parts of the eigenvalues. After a sufficient
amount of time, the state consists mostly of the eigenstate
whose eigenvalue has the largest imaginary part. This eigen
state is termed the steady state and denoted by |ΨS 〉. We are
interested in this surviving eigenstate, because it is the one
that would be observed experimentally. Based on these con-
cepts for non-Hermitian systems, we are ready to establish the
first central theorem of this work.
Theorem 1: The non-degenerate steady state of a non-
Hermitian quantum many-body system with Hamiltonian H =
H0 + iγH1 is a universal function of the first derivative of the
steady state energy with respect to the control parameter γ, i.e.
∂ES
∂γ
.
In Theorem 1, the universal means that the function form
of the dependence of steady state on the first derivative of the
steady state energy does not change with variation of the con-
trol parameter so along as the steady state is in the same phase.
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2The proof of Theorem 1 is based on the following two Lem-
mas.
Lemma 1: There is a one-to-one correspondence between
the non-degenerate eigenket |ΨS 〉 of the steady state in a
non-Hermitian quantum many-body system with Hamiltonian
H = H0 + iγH1 and the control parameter γ.
Proof: For a given γ, by diagonalizing H(γ) = H0 + iγH1, we
can get the steady state |ΨS 〉; We also need to prove that the
non-degenerate steady state also uniquely specifies the param-
eter γ. This is done by reductio and absurdum. We assume
that two different parameters γ and γ′ with γ , γ′ have the
same steady state, |ΨS 〉, then we have
(H0 + iγH1)|ΨS 〉 = E(γ)|ΨS 〉, (2)
(H0 + iγ′H1)|ΨS 〉 = E(γ′)|ΨS 〉. (3)
Subtracting Equation (2) from Equation (3), we get[
i(γ − γ′)H1 − (E(γ) − E(γ′))
]
|ΨS 〉 = 0. (4)
It means that γ = γ′ and E(γ) = E(γ′) and it contradicts the
assumption. Thus Lemma 1 is proved. Since 〈Ψ˜S | is the eigen
bra of the steady state of H(γ) with the maximum imaginary
part, likewise, we can prove 〈Ψ˜S | and γ are also one-to-one
mapped. These means that
γ ⇐⇒ |ΨS 〉, (5)
γ ⇐⇒ 〈Ψ˜S |. (6)
Lemma 2: There is a one-to-one map between the control
parameter γ and the density 〈H1〉B = 〈Ψ˜S (γ)|H1|ΨS (γ)〉 in the
non-degenerate steady state.
Proof : For a given γ, |ΨS 〉 and 〈Ψ˜S | are uniquely specified
according to Lemma 1. Then 〈Ψ˜S |H1|ΨS 〉 can be determined.
We denote the eigen kets of H at parameters γ and γ′ by |ΨS 〉
and |Ψ′S 〉 and eigen bras of H at parameters γ and γ′ by 〈Ψ˜S |
and 〈Ψ˜′S |. Now we have to show that if γ , γ′, 〈H1〉B , 〈H1〉′B.
This can be done by reductio and absurdum. We assume two
different control parameter γ , γ′ produce the same density
〈H1〉B = 〈H1〉′B. According to maximum of the imaginary part
of the steady state energy, we have
=〈Ψ˜S |H(γ)|ΨS 〉 > =〈Ψ˜′S |H(γ)|Ψ′S 〉,
= =〈Ψ˜′S |H(γ′)|Ψ′S 〉 + =
[
i(γ − γ′)〈Ψ˜′S |H1|Ψ′S 〉
]
,
= =E′S + =
[
i(γ − γ′)〈Ψ˜′S |H1|Ψ′S 〉
]
. (7)
Similarly by exchanging γ and γ′ and their eigenstates, we get
=〈Ψ˜′S |H(γ′)|Ψ′S 〉 > =〈Ψ˜S |H(γ′)|ΨS 〉,
= =〈Ψ˜S |H(γ)|ΨS 〉 + =
[
i(γ′ − γ)〈Ψ˜S |H1|ΨS 〉
]
,
= =ES + =
[
i(γ′ − γ)〈Ψ˜S |H1|ΨS 〉
]
. (8)
Sum up the above two equations, we get
=ES + =E′S > =ES + =E′S . (9)
It is a contradiction and thus our assumption is wrong. Lemma
2 is proved. γ and 〈H1〉B are one-to-one mapped.
γ ⇐⇒ 〈H1〉B. (10)
Now we are ready to prove Theorem 1. Combining Lemma
1 and Lemma 2, we know that the steady state of a non-
Hermitian quantum many-body system is uniquely specified
by 〈H1〉B, namely
|ΨS (γ)〉 =⇒ |ΨS (〈H1〉B)〉, (11)
〈Ψ˜S (γ)| =⇒ 〈Ψ˜S (〈H1〉B)|. (12)
Hellmann-Feynman Theorem for non-Hermitian system tells
us for any eigenstate of H(γ) [9],〈
Ψ˜n
∣∣∣∣∂H(γ)
∂γ
∣∣∣∣Ψn〉 = ∂ES (γ)
∂γ
. (13)
Applying Equation (13) to the steady state, we get
=⇒ 〈H1〉B = −i∂ES
∂γ
. (14)
Thus the non-degenerate steady state is also uniquely speci-
fied by −i ∂ES
∂γ
, i.e.
|ΨS (γ)〉 =⇒ |ΨS (〈H1〉B)〉 =⇒
∣∣∣∣ΨS ( − i∂ES
∂γ
)〉
. (15)
Theorem 1 is proved.
Theorem 1 is quite general and valid for any finite spin sys-
tems, Fermions or Bosons in lattices. Theorem 1 is in the same
spirit as density functional theory developed by Honhenberg,
Kohn and Sham [31, 32]. Here we prove that the one-to-one
correspondence between the steady state and the density is
also valid in non-Hermitian systems for the first time.
An immediate consequence of the Theorem 1 is that the
steady state average value of any physical observable O which
does not commute with the Hamiltonian [O,H] , 0 is also
a universal function of the first derivative of the steady state
energy with respect to the control parameter, ∂ES
∂γ
,
〈O〉 =
〈
ΨS
(∂ES
∂γ
)∣∣∣∣O∣∣∣∣ΨS (∂ES
∂γ
)
〉
. (16)
This functional form is universal with respect to the control
parameter γ as along as the steady state is in the same phase
and non-degenerate.
Non-Hermitian phase transition point, also called excep-
tional point, where two or more energy levels coalescence [9].
We assume there are p ≥ 2 levels coalescence at the excep-
tional point. Around the exceptional point, which is also an
algebraic branch point, we can expand the steady state energy
by [9, 25],
ES (γ) =
∞∑
i=0
αi(γ − γc)i/p, (17)
= α0 + α1(γ − γc)1/p + α2(γ − γc)2/p + · · · . (18)
If α1 , 0, we have
∂ES
∂γ
∣∣∣∣
γ→γc
∝ (γ − γc)(1−p)/p. (19)
3It diverges as γ → γc. Since the average value of any physical
observable is a universal function of the first derivative of the
steady state energy, defining Y ≡ ∂ES
∂γ
, then we have
〈O〉 = f (Y). (20)
Expanding f (Y) around the critical point Y → ∞, we thus get
〈O〉 = f0 + f1 1Y + f2
1
Y2
+ · · · , (21)
where f0, f1, f2, · · · are expansion coefficients and should be
constant. So the steady state average of O around the critical
point is
δ〈O〉 ∝ f1(γ − γc)(p−1)/p + f2(γ − γc)2(p−1)/p + · · · , (22)
where δ〈O〉 ≡ 〈O〉 − 〈O〉c. Then the susceptibility of 〈O〉 is
χ =
∂〈O〉
∂γ
∝ f1(γ − γc)−1/p + f2(γ − γc)−2/p+1 + · · · . (23)
For different observables, the expansion coefficients in Equa-
tion (21) are different. In particular, some of the expansion
coefficients may vanish. Considering such a case, we thus
have
Corollary 1: The steady state average of an arbitrary physi-
cal observable 〈O〉 at the non-Hermitian phase transition point
presents scaling behavior, δ〈O〉 = 〈O〉−〈O〉c ∝ (γ−γc)α, with
exponents α being (1 − 1/p), 2(1 − 1/p), · · · , n(1 − 1/p), · · ·
and n being positive integers.
Corollary 2: The susceptibility of an arbitrary physical ob-
servable in the steady state at the non-Hermitian phase transi-
tion point scales as, δχ = χ − χc ∝ (γ − γc)β, with exponents
β = −1/p, 1−2/p, 2−3/p, · · · , (n−1)−n/p, · · · . and n being
positive integers.
For p = 2 case, there are two levels coalescence at the excep-
tional point and we then have
δ〈O〉 ∝ (γ − γc)α, (24)
where α = 12 , 1,
3
2 , 2, · · · and the susceptibility near the non-
Hermitian phase transition point scales as,
χ =
∂〈O〉
∂γ
∝ (γ − γc)β, (25)
where β = − 12 , 0, 12 , 1, · · · . This means that the first derivative
of an arbitrary physical quantity diverges at a behavior (γ −
γc)−1/2 in non-Hermitian phase transition point. This reveals
how the non-Hermitian coalescence in a finite system leads
to the non-analytic behavior of physical observable, thus non-
Hermitian phase transitions.
Quantum entanglement in Non-Hermitian Systems.-
Quantum entanglement provides a powerful way to under-
stand the nature of many-body systems. In particular, it has
been shown that entanglement are deeply related to phase
transitions in condensed matter systems [33]. Recently
it was also found that the entanglement in non-Hermitian
phase transitions is bigger than that of Hermitian quantum
phase transitions [24]. We first establish a theorem which
connects the entanglement and quantum phase transitions in
non-Hermitian systems.
Theorem 2: Any entanglement measure in the non-
degenerate steady state of a non-Hermite quantum many-body
system with Hamiltonian H(γ) = H0 + iγH1 is a universal
function of first derivative of steady state energy with respect
to the control parameter,
M = M
(∂Es
∂γ
)
. (26)
Proof: The proof follows from the fact that, according to The-
orem 1, the steady state |ΨS 〉 in non-Hermitian systems is a
unique function of ∂ES
∂γ
and also |ΨS 〉 provides the complete
information of the system in the steady state, everything else
is a unique function of ∂ES
∂γ
. Formally let us consider an n-
partite entanglement in spin-1/2 systems. For other cases, the
proof can be generalized immediately. First of all any entan-
glement measure of n qubits is always a function of the matrix
elements of the reduced density matrix of these qubits, ρ12···n:
M(ρ12···n). For spin-1/2 systems, the n-body reduced density
matrix can be written as
ρ12···n =
∑
a1,a2,··· ,an=0,x,y,z
Ca1a2,··· ,anσ
a1
1 σ
a2
2 · · ·σann , (27)
with
Ca1a2,··· ,an = Tr12···n[ρ12···nσ
a1
1 σ
a2
2 · · ·σann ], (28)
= Tr[ρSσ
a1
1 σ
a2
2 · · ·σann ], (29)
= 〈σa11 σa22 · · ·σann 〉, (30)
where a1, a2, · · · , an = 0, x, y, z with σ0 = I and ρS =
|ΨS 〉〈ΨS |. Thus M = M
(
〈σa11 σa22 · · ·σann 〉
)
. According to The-
orem 1, the average value of any observable can be taken as
a function of ∂ES
∂γ
. Therefore M = M
(
∂ES
∂γ
)
. Theorem 2 is
proved. Relations between entanglement and quantum phase
transitions in Hermitian models are established in [34] and
was generalized to finite temperatures in [35].
Since entanglement for a physical state can only be finite
and near the non-Hermitian phase transition point Y = ∂ES
∂γ
∝
(γ − γc)(1−p)/p diverges, then we can expand the entanglement
measure around the non-Hermitian phase transition point by
M(Y) = m0 +
m1
Y
+
m2
Y2
+ · · · , (31)
where m0,m1, · · · are the expansion coefficients and should
be constant. So the entanglement around the non-Hermitian
phase transition point scales with the control parameter as
δM ∝ m1(γ − γc)(p−1)/p + m2(γ − γc)2(p−1)/p + · · · , (32)
wher δM ≡ M(γ)−M(γc) and the first derivative of the entan-
glement measure scales as
∂M
∂γ
∝ m1(γ − γc)−1/p + m2(γ − γc)1−2/p + · · · . (33)
The expansion coefficients in Equation (31) are different for
different entanglement measures. In particular, some of the
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FIG. 1. (color online). Phase transitions in a Non-Hermitian LMG
model. (a). The average magnetization along z axis 〈σz〉 ≡ 〈Jz〉/N
as a function of γ in the LMG model with N = 40 spins. (b). Scal-
ing of the magnetization around the critical point γc. The vertical
axes is the logarithmic of the difference between the magnetization
at critical point and near the critical point. The horizontal axis is
ln(γc − γ) where γc is the critical control parameter. The red solid
circle presents the numerical exact solution and the black solid line
is the linear fitting line, where the slope is 0.4907637.
expansion coefficients may vanish. Considering such a case,
we thus have
Corollary 3: Any entanglement measure of the steady state
near the non-Hermitian phase transition point scales as, δM =
M(γ)−M(γc) ∝ (γ−γc)µ, with exponents µ = (1−1/p), 2(1−
1/p), 3(1−1/p), · · · , n(1−1/p), · · · and n being a positive in-
teger.
Corollary 4: The first derivative of any entanglement mea-
sure of the steady state near the non-Hermitian phase transi-
tion point scales as, ∂M
∂γ
− ∂M
∂γ
∣∣∣∣
γ=γc
∝ (γ − γc)ν, with exponents
ν = −1/p, 1 − 2/p, 2 − 3/p, (n − 1) + n/p, · · · and n being a
positive integer.
Theorem 2 and corollary 3 and 4 establish rigourously
the connections between quantum entanglement and quantum
phase transition in non-Hermmitian systems. They are valid
for any finite spin systems and Fermions or Bosons in a lat-
tices.
Model study-To demonstrate the above ideas, we study the
LMG model with the Hamiltonian [24, 36]
H =
V
N
(J2x − J2y ) −
iΓ
2
Jz − iΓN4 , (34)
where V is the coupling strength and Jα ≡ 12
∑N
i=1 σ
α
i , α =
x, y, z are the collective spin operators. We consider V as fixed
and Γ as varying parameter. In terms of raising and lowering
operators of the collective spin, J± ≡ Jx ± Jy, we have
H/V =
1
4N
(J2+ + J
2
−) −
iγ
2
Jz − iγN4 . (35)
Here γ = Γ/V being dimensionless control parameter. For
convenience, we focus on the Dicke manifold with maximum
angular momentum, so the Hilbert space has dimension N+1.
Figure 1 shows the steady state average value of 〈σz〉 =
〈Jz〉/N in the LMG model with N = 40 spins as a function of
the control parameter γ. One can see that there is a critical
γc. If γ < γc, 〈σz〉 = 0 and being smaller than zero if γ >
γc. In Figure 1(b), we study the critical exponents of 〈σz〉
and plot ln(〈σz〉c − 〈σz〉) as a function of ln(γ − γc) near the
critical point. We made a linear fit and found that the critical
exponents being 0.4907637. And it indicates near the critical
point 〈σz〉 ∝ (γ − γc)1/2. This is consistent with the prediction
from Corollary 1 since there are two levels coalescence at the
critical point [24].
To quantify many-body entanglement, we study the aver-
aged quantum Fisher information which is defined by [37, 38],
F =
4
3N2
[(∆Jx)2 + (∆Jy)2 + (∆Jz)2], (36)
where N is the number of spins. In Figure 2, we present the
quantum Fisher information of the steady state in the non-
Hermitian LMG model with N = 40 spins as a function of
the control parameter. One can see that the quantum Fisher
information is maximum when γ < γc and decreases when
γ > γc. In Figure 2(b), we study how the quantum Fisher
information scales near the critical point where the quantum
Fisher information is maximum and denoted by FC . We plot
ln(FC−F) as a function of ln(γ−γc) near the critical point. We
made a linear fit and found that the critical exponents being
0.981527. And it indicates near the critical point FC − F ∝
(γ−γc)1. This is consistent with the prediction from Corollary
3 since there are two levels coalescence at the critical point
[24].
Conclusions.-In this work we uncover universal critical be-
haviors for quantum phase transitions in non-Hermitian many-
body systems. We prove that the non-degenerate steady state
of an non-Hermitian quantum many-body system is a univer-
sal function of the first derivative of the steady state energy
with respect to the control parameter. This finding bridges
the nonanalytic behavior in physical observable with nonan-
alytic behavior of steady state energy and explains why the
quantum phase transitions in non-Hermitian systems occurs
in finite systems and predicts a universal scaling behavior of
any physical observable and quantum entanglement near the
non-Hermitian phase transition point. These results provide
profound connections between entanglement and phase transi-
tion in non-Hermitian quantum many-body physics and estab-
lishes foundations for quantum metrology in non-Hermitian
systems.
B.B.W. was supported by National Natural Science Foun-
dation of China (Grants No. 11604220) and the Startup Funds
of Shenzhen University. L. J. was supported by National Nat-
ural Science Foundation of China (Grants No. 11605094).
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FIG. 2. (color online). Multipartite entanglement in non-Hermitian
phase transitions. (a). Quantum Fisher information FQ as a func-
tion of the control parameter γ in the non-Hermitian LMG model for
N = 40 spins. (b). Scaling of quantum Fisher information near the
non-Hermitian phase transition point. The vertical axes is the loga-
rithmic of the difference between quantum Fisher information at crit-
ical point and the quantum Fisher information near the critical point
and the horizontal axes is ln(γc − γ) where γc is the critical control
parameter. The red solid circle presents the numerical exact solution
and the black solid line is the linear fitting line, where the slope is
0.981527.
∗ Corresponding author: bbwei@szu.edu.cn
† Corresponding author: jinliang@nankai.edu.cn
[1] S. Sachdev, Quantum phase transitions (Cambridge University
Press, Cambridge, England, 2011).
[2] M. Levin and X. G. Wen, Rev. Mod. Phys. 77, 871 (2005).
[3] C. Dembowski, H.-D. Gra¨f, H. L. Harney, A. Heine, W. D.
Heiss, H. Rehfeld and A. Richter, Phys. Rev. Lett. 86, 787
(2001).
[4] Y. Choi, S. Kang, S. Lim, W. Kim, J.-R. Kim, J.-H. Lee, and K.
An, Phys. Rev. Lett. 104, 153601 (2010).
[5] C. E.Ru¨ter, K. G. Markris, R. El-Ganainy, D. N.Cristodoulides,
M. Segev, and D. Kip, Nat. Phys. 6, 192 (2010).
[6] J. Doppler et al., Nature, 537, 76 (2016).
[7] H. Xu, D. Mason, L. Jiang and J. G. E. Harris, Nature, 537, 80
(2016).
[8] G. Barontini, R. Labouvie, F. Stubenrauch, A. Vogler, V. Guar-
rera, and H. Ott, Phys. Rev. Lett. 110, 035302 (2013).
[9] N. Moiseyev, Non-Hermitian Quantum Mechanics (Cambridge
Univ. Press, 2011).
[10] M. Berry, Czech. J. Phys. 54, 1039 (2004).
[11] C. M. Bender, Rep. Prog. Phys. 70, 947 (2007).
[12] W. D. Heiss, J. Phys. A 45, 444016 (2012).
[13] M. Liertzer, L. Ge, A. Cerjan, A. D. Stone, H. E. Tu¨reci, and S.
Rotter, Phys. Rev. Lett. 108, 173901 (2012).
[14] H. Cao and J. Wiersig, Rev. Mod. Phys. 87, 61 (2015).
[15] C. M. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243
(1998).
[16] G. L. Giorgi, Phys. Rev. B 82, 052404 (2010).
[17] X. Z. Zhang and Z. Song, Phys. Rev. A 87, 012114 (2013).
[18] N. Hatano and D. R. Nelson, Phys. Rev. Lett. 77, 570 (1996).
[19] B. B. Wei and R. B. Liu, Phys. Rev. Lett. 109, 185701 (2012).
[20] M. Heyl, A. Polkovnikov and S. Kehrein, Phys. Rev. Lett. 110,
135704 (2013).
[21] B. B. Wei, S. W. Chen, H. C. Po and R. B. Liu, Sci. Rep. 4,
5202 (2014).
[22] X. H. Peng, H. Zhou, B. B. Wei, J. Y. Cui, J. F. Du and R. B.
Liu, Phys. Rev. Lett. 114, 010601 (2015).
[23] T. E. Lee and C.-K. Chan, Phys. Rev. X 4, 041001 (2014).
[24] T. E. Lee, F. Reiter and N. Moiseyev, Phys. Rev. Lett. 113,
250401 (2014).
[25] K. Knopp, Theory of Functions, Parts II (Dover, New York,
1996).
[26] J. Dalibard, Y. Castin, and K. Mølmer, Phys. Rev. Lett. 68, 580
(1992).
[27] R. Dum, P. Zoller, and H. Ritsch, Phys. Rev. A 45, 4879 (1992).
[28] K. Mølmer, Y. Castin, and J. Dalibard, J. Opt. Soc. Am. B 10,
524 (1993).
[29] H. M. Wiseman, Quantum Semiclass. Opt. 8, 205 (1996).
[30] M. B. Plenio and P. L. Knight, Rev. Mod. Phys. 70, 101 (1998).
[31] P. Hohenberg and W. Kohn, Phys. Rev. 136, B864(1964).
[32] W. Kohn and L. J. Sham, Phys. Rev. 140, A1133(1965).
[33] L. Amico, R. Fazio, A. Osterloh, V. Vedral, Rev. Mod. Phys.
80, 517 (2008).
[34] L. A. Wu, M. S. Sarandy, D. A. Lidar and L. J. Sham, Phys.
Rev. A 74, 052335 (2006).
[35] B. B. Wei, arXiv: 1697.00734 (2016).
[36] R. Botet and R. Jullien, Phys. Rev. B 28, 3955 (1983).
[37] P. Hyllus, W. Laskowski, R. Krischek, C. Schwemmer, W.
Wieczorek, H. Weinfurter, L. Pezze´, and A. Smerzi, Phys. Rev.
A 85, 022321 (2012).
[38] G. To´th, Phys. Rev. A 85, 022322 (2012).
